Tangent Planes and Linear Approximations

Goals:

1. To find the tangent plane to a surface at a given point.

2. To calculate the total differential of a multivariable function.
3. To determine whether or not a function is differentiable.

Derivation of the Tangent Plane to a Surface at a Point

Mote that +he dongent plane b 2z - #(x,y/ ,J‘(xo,yolio)
has eyua—',‘l'w\ of +he form A (x-xb) n BCV‘ya)*C(z _—éo),__o

or 22,7 alx%)+bly-y), /m

— S;’m,'/a-rl}/} 1 yoA AOIC’ 7“'*0,
)/pul// 56* b py (’(o)yo)'

So "‘hc. cnas“-l'an a-f ‘/Ag I-Ana',n"' IIMC I'S oo
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2-2, < {g (’(M)'o/ (’< “"o/"’ '[)r (x°’>’°) ()"YO)

(@) ) Find +he equation of the tangent plase 4o
foyy) = C-any +y® ot (130,
Al = 2xmhy, > Fy(1,2) < X7 <0
fyley) = ~2xddy £ (43)= 2442
22,5 h () k-x,) + fy ()(,}yo](}/—%)

E~/ o~ (x-1)4 l(\/-nj\<

b) FII\J a Iiﬂ@“hi%&*|.°'\' L(X,Y)) for ‘P(“JX)
S e

at ('J";'). 2 from

Louy) = x(x=1) a2y -3) +!

Td w42 £ hy -q+ |/

c,) U se L(")}') +o es*iam"'t #(0.75,2.0)-)

L (095,2.00n) = =2(.95) + 2 (2.0%) -]

:(/,/9 )

[Turns out ./’(0.75/1,01) =1 /./‘/‘/9]
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Consider +he tangent plane eguntion:
z - p,,(*o,y,)(*-lo)-c- fy (to,y.,)(y-y.,) + g, .
Lot % =x,+ax and y =Y. ray and discuss
What +he resalt represets geometerenlly.

t - ‘Fx (%O)YJ) ((“ﬂb")’%o) + 'F (‘O)Yb)((%*b)’)‘Yo)+z'°

chenge in h"3+ of
+he +0njcnf p/Aﬂ'—
from ;ﬂfu‘l's of ("uYa)

+o ;'n/u*; of (x;, ox Yo*‘Y)

Definitions
A#‘b* Ay”‘y
/V./-‘
@ di = £,Gy)d% ¢ by Gy)dy
(A~ . +hl,s oh
+o+ﬁl . \ #'C“',a, : an ;«;/;5
ditfecertiv for 27" he °hTA:+ ke’
(D /\4_/\' /At ":'9+ L

Reeall from eale L2 dy = £x)dx  +
k./w___/

c’f#-pe(‘e/l—,'fm, ‘pof )l < p(x )
@ Ay x Jy p/htne. Ay = F(XO‘*A%)—F(% ),
10 Jn-‘('fqre/\"'r'oxtlt o««(‘. AX ',Sma N,"
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[Ay * Change 'n hught of y=fx,) from 2 4o ”o"’AK]

@ O3 * ‘P(Xo-be/ }g—l-by) - P(x‘,/ yo)

N0+e: For "Wb”-behaved” functions aond fFor "SMA /] !
x, by) C[% L ot wvhen 90/%9 £ rom ;‘Q/u,-,-_;

(X,,,)’,) +o0 (X°+AX) Yo +Ay).

Let %= 550(’“‘"‘3Y)- Use dz2 +o
estimete a2 from (-32) to (-2.95 d.o4)

dz - fx(xh)’o) ax + ‘ry (xoi\/a) 4}'

‘px(x,y)z )C"-‘(lii.}y) —_— {x‘3)}):l
iy = 3 eonloning) — £, (3,3) 23

05) i,}(a,oq) = (0.21 l

J-Z = 2 (0.
Mote: 62 X 0.7

Noe: @ In colc I/ dv’f-(‘o.re,n’nkbﬂ-:ly : con'h‘nuf-ly,

@ Problem : /MHJA/S exist 7§ f s continuous

see (ex) below
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CChamberlin
Pencil


[ Wwe w.nl‘ a C/L'(' Jnition of
,SI ] '("‘O.PCA"J\ub;loty for Z° ‘((X) y)
such +hat £ dit€erenatiable %

L /e uanuous]

@ soluYjon: come up with o c/efim'h'an of
A C/l'pfu‘eml;'oxble fund'ion that ensures
AL % d% -neor \\SMA}, ! /A/au"' chm’lj es,

DQ,-P,’nH‘foQ R s -(:(x,y) 1S c’/p'pere,n'“o\bl?— ot (X,,%)

as /on9 os o2 can be wrten as | |

DT - -Fx(%o)yo) A% +l~’y (*o;Yo)A)' + g 6% +£}A)’

leéc)Yp)
where €,€,— 0 as <A‘A)by)-)(olo),
Theorem |+ 2 = £6,Y) differertinble at (%,Y,)

= £ s continuous (*o,yo).

F6,y) < €lo,y)

F"OO‘[f Uses +he a.éovﬂ., c/e(' 4o Sshow lim

Theorem 2: fx ) fy continaous on [ , then
€ s dof€erentiable oa D .
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o Lh
*ls\— bl:-,,blo'
P'r,‘—]‘a»\s ;E‘GL(L/‘ '
[
2 =2, ¢} (c,0)
Lot €(x,y) = 4 2a>+y
O , (%0 = (0,0)

Find +he portinls £,(0,0) and f,(0,9, i
they exist,

. Flosero)- fb,0) 2222 -9
p (00) = lim o R
Ax%X30 ( {( 2.0 by
-1 £(o, DMYL' _JU o). Z—ZL£.0
‘Fy ©,2) = IA;‘—)o 2y (ay)’
Bt [/ lm Piy) ONEL] so € o not
(*¥)=>le,0)

Con’lf/luous at (0,0) 4.4" /’t( ,0&4;&15 6XI~§"I“.
[ e, F“r‘/-:'o-)s ex i.{‘/‘# £ J'r‘(erm"‘fuu“],

So, just because the partials exist at a point does not mean that the
function is well-behaved at that point.
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E /ozl/mv,‘/\g bmcj ’7/

arour\(l, ""/70‘5\' (0)0)

ne
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